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Abstract

Spectral analysis has been a fundamental tool in analyzing seismic signals for studying
the earthquake source, propagation of seismic waveforms through the Earth, and
even monitoring changes in Earth’s structure. | present an open-source Python pack-
age, multitaper, for spectral analysis using the multitaper algorithm. The package not
only includes power spectral density estimation (with confidence intervals) but also
includes bivariate problems such as coherence, dual-frequency correlations, and
deconvolution estimation. Implementation of the sine and quadratic multitaper algo-
rithms is also available. For the reader to quickly learn how to use the package, |
briefly present several examples using earthquake records from the 2019 M,, 6.0
Mesetas, Colombia, earthquake and its aftershocks recorded at regional distances
for estimating time—frequency spectrograms, spectral ratio and source time functions,
and correlations between neighboring frequencies. Jupyter Notebooks are shared to
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reproduce the figures.

Introduction
Spectral analysis is a fundamental tool for the analysis of time
and spatial series in geophysics (Bath, 1974; Tary et al., 2014;
Dannemann Dugick et al, 2021). The objective of spectral
analysis is the characterization of a time (or space) series, that
is, to quantitatively say (1) what its frequency content is,
(2) how one series differs from another, or (3) how two series
are related. These three aspects are described in the frequency
domain using the power spectral density (PSD), the spectral
coherency, and the transfer (or frequency response) functions,
respectively, or their time domain counterparts the autocovar-
iance, the cross-correlation, and the impulse response (Percival
and Walden, 1993; Bracewell, 2000).

Recent seismological applications of spectral analysis and the
use of the functions listed earlier are broad, including earthquake
source estimation (Madariaga et al., 2019; Chaves et al., 2020;
Trugman and Savvaidis, 2021), attenuation tomography (Jang
et al., 2019), crust and mantle structure (Cossette et al., 2016;
Liu et al, 2018), characterizing Global Navigation Satellite
System sensors and ambient noise (Qin et al., 2019; Melgar et al.,
2020a,b), array and Large-N seismology (Gibbons et al., 2017;
Kemna et al., 2020), seismic interferometry, and structural health
monitoring (Kong et al., 2018; Bonilla ef al., 2019; Héusler et al.,
2021; Morelli et al., 2021, and much more).

Methods for estimation of the spectrum include parametric
and nonparametric methods. The first method (Olafsson and
Sigbjornsson, 1995; Diagourtas et al., 2002; Ugalde et al., 2021)
is generally approached using autoregressive models (AR and
similar) but is not the focus of this contribution.
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The second method (the focus of this contribution) usually
employs the fast Fourier transform of a discretely sampled data
set after applying a taper (windowing). This approach is com-
putationally efficient but comes with its limitations; the fre-
quency resolution is bounded by the data length, and it
suffers from spectral leakage—the tendency for energy from
distant frequencies to appear in the frequency of interest
(Kay and Marple, 1981; Prieto et al, 2007). In addition, the
variance of the spectrum estimate is large and, in many cases,
averaging of nearby frequencies is required.

The multitaper algorithm first proposed by Thomson
(1982) addresses this trade-off between bias and variance. It
aims at reducing the bias by tapering using the orthogonal
Slepian sequences that are constructed to optimally reduce
spectral leakage and, as its name suggests, multiple indepen-
dent estimates of the spectrum are averaged to reduce variance.

There are already several freely available codes that
implement the multitaper algorithm in Fortran 77 (Pardo-
Igizquiza et al, 1994), Julia (Haley and Geoga, 2020), R
(Rahim et al., 2014), C (Lees and Park, 1995), and Fortran 90
(Prieto et al., 2009). Python implementations or wrapper of some
of these codes include pymutt and mtspec (see Data and
Resources), and the latter providing most features to the ones
available here. The multitaper package (this contribution) is a
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translation of the Fortran 90 (Prieto et al., 2009) codes in Python
and provides a unified platform for spectral analysis. It creates a
Python class (MTSpec) with the resulting multitaper estimate of
the PSD but can provide further information including confi-
dence intervals, line detection, quadratic inverse PSD, and so
on. In the case of studying two time series, another Python class
(MTCross) is used. Unique features in this package include
bivariate dual-frequency coherence and cross-correlations. In
the following, I will provide three seismological examples on
the use of multitaper. Jupyter Notebooks to reproduce the figures
in this article and those of Prieto et al. (2009) are made available.

Multitaper Spectrum Analysis

The multitaper algorithm is similar to other nonparametric
spectral estimates in that the N-long time sequence y,, studied
(n =0, 1,..., N) is multiplied by the kth taper v, and then
Fourier transformed

N-1
Yo=Yy, (1)
n=0

but instead of using a single taper, a K number of orthogonal
tapers are applied such that the PSD estimate $ is

Sy(f) — Zk;(l) ;:’k'Yk(f” , (2)

-
k=0 Wk

a weighted average of the Y;s, in which the w; are weights
designed to reduce the spectral leakage while keeping the vari-
ance of the estimate low (see Thomson, 1982; Prieto et al.,
2009). The choice of weights w; can be selected based on
the eigenvalues of the tapers or using an adaptive weighting
(Thomson, 1982). The quadratic multitaper estimate (Prieto
et al., 2007) uses the second derivative of the spectrum to
obtain a higher resolution estimate of the spectrum.

When working with two time series x and y, and for sim-
plicity assuming wy = 1 the estimate of the cross-spectrum is

K
$o(N) = Y X(NYE (), (3)
k=0

and the coherency and transfer functions are
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The squared of C,,, is called the squared coherence and has
values between 0 and 1 and represents the similarity of the two
waveforms (it is analogous to the cross-correlation). The multi-
taper allows the user the inverse Fourier transform on these three
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estimates to obtain the cross-correlation, normalized cross-cor-
relation, and the deconvolution between the two signals.

For nonstationary signals, the spectra at distant frequencies
are correlated (Thomson and Vernon, 1998; Larsen and
Hanssen, 2004; Prieto et al., 2005). The dual-frequency coher-
ency (DFC)—a matrix of spectral coherence between frequen-
cies (f,, f,)—can be estimated as

ko Xk (DY ()

VSOV

If the DFC is estimated for a single time series, the main
diagonal of the matrix (f; = f,) has unit amplitude, while
the off-diagonal term’s amplitudes will depend on the nature
of the signal (diffusive, nonstationarity, etc.). If the DFC is esti-
mated for two distinct time series, the main diagonal represents
the coherence (as in equation 4). The off-diagonal terms reflect
the correlation between the spectra at distant frequencies, for
example, for dispersive or diffusive signals (see examples in
Mellors et al., 1998; Prieto et al, 2005; Liu and Ben-Zion,
2016, 2018; Liu and Beroza, 2020).

ny(fl’fz) = (6)

Data

In this work, three examples using seismological data are
presented. All examples use records of the M, 6.0 Mesetas
earthquake and its aftershocks (Mayorga et al, 2020; Noriega-
Londofio et al., 2021) on 24 December 2019, recorded at regional
distances by stations from the Servicio Geoldgico Colombiano
(SGC) and a temporary deployment inside a 14-story building
in downtown Bogota (Jaimes et al., 2022). The 2019 M, 6.0
Mesetas earthquake was followed by an M, 5.8 aftershock just
15 min later (see Fig. 1). In the following months at least 20 M,, 4
+ earthquakes were located in the mainshock area (see Data and
Resources).

Time Varying Response of a Building

Figure 1 shows the recorded ground motions of the horizontal
component at the 14th floor of the Crisanto building in
downtown Bogota (Jaimes et al, 2022). Both the M, 6.0 and
M, 5.8 earthquakes are clearly visible and some M,, 4+ in between
are also evident. The time—frequency spectrogram shown is cal-
culated for 20-s-long windows with a 50% overlap using the
adaptive and quadratic multitaper estimates (see pseudo-code 1):

Pseudo-code 1 - Spectrogram
import multitaper.mtspec as spec
t,freq,qgi,adap = spec.spectrogram(x,dt,twin=20.,0lap=0.5,

nw,kspec)

in which x is the entire trace shown in Figure 1, nw, kspec, and
dt are the time-bandwidth product, the number of tapers to use,
and the sampling rate, respectively, and twin and olap show the
function of the length of each window and the proportion of

www.srl-online.org « Volume XX « Number XX « —2022

Downloaded from http://pubs.geoscienceworld.org/ssal/srl/article-pdf/doi/10.1785/0220210332/5579204/srl-2021332.1.pdf

bv aorieto



(a)

(b)

Frequency (Hz)

overlap for constructing the spectrogram. The function returns
the time and frequency vectors ¢, freq and the quadratic and
adaptive spectrum estimates qi, adap.

For each 20 s window, the function calls the multitaper
modules (pseudo-code 2):

Pseudo-code 2 - Individual spectra
from multitaper import MTSpec

psd = MTSpec(y,nw,kspec,dt)

freq = psd.freq

adap0 = psd.spec

gi0 = psd.qiinv()[0]

in which y is the 20 s waveform (cut from the entire
trace). The adaptive spectrum adap0 as well as the quadratic
estimate qi0 for a single window can be requested from the psd
variable.

Figure 2 shows a comparison of the adaptive multitaper esti-
mate (adap) and the quadratic multitaper (qi) spectrograms
around two of the natural frequencies of the building at about
1.25 and 3.9 Hz. In both cases, a dramatic decrease of the natural
frequencies is observed after the two largest earthquakes and the
frequencies have not fully recovered after 25 min. The quadratic
estimate has higher resolution (better resolved peak) than the
adaptive multitaper and is best for tracking the frequency wan-
der of the natural frequencies (Clinton et al., 2006).
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Figure 1. Time-frequency spectrogram of the M,, 6.0 Mesetas
earthquake recorded at a station on the 14th floor in downtown
Bogota (150 km north). (a) The recorded acceleration records and
(b) the corresponding spectrogram (using the quadratic multi-
taper) show the clear presence of at least four aftershocks
including an M,, 5.8 15 min later. White boxes highlight the
vibrational modes of the building (see Fig. 2).

Earthquake Source Time Functions and
Spectral Ratio
Figure 3 shows the seismic records of the M,, 6.0 and M, 5.8
earthquakes recorded at station PRA about 140 km from
the earthquake epicenter. Two M, 4+ earthquakes are also shown
that will be used as empirical Green’s functions (EGFs) to remove
the effects of propagation, attenuation, and site from the esti-
mated spectrum (Mueller, 1985; Hough, 1997; Abercrombie,
2015). The amplitude spectra of the mainshock and its EGF
are also shown along with the amplitude spectrum of a noise
window (for assessing the signal-to-noise ratio). A similar code
as shown in pseudo-code 2 is used for estimating the amplitude
spectrum, except for normalizing and taking the square root.
The spectral ratio between the mainshock and the EGF spec-
tra is shown in Figure 4. The expected shape of such a spectral
ratio has a flat spectrum at lower and higher frequencies and a
transition that can be used to find the corner frequencies of the
two events (Mayeda et al., 2007; Agurto-Detzel et al., 2017). The
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spectral ratios shown have the general features expected and it is
clear how the spectra of the M,, 6.0 earthquake have a lower
corner frequency compared with that of the M, 5.8 earthquake.
The multitaper also retains the phase information of the spec-
tral estimates, and thus can estimate the transfer function and by
taking its Fourier transform we obtain the source time function
(STF) of the mainshock via deconvolution. Figure 4 shows the
resulting STF of the M, 6.0 and M, 5.8 Mesetas earthquakes
using the M,, 4+ earthquakes as EGFs. The resulting STFs con-
firm what is observed in the spectral ratio, the duration of the
M, 6.0 is greater than that of the M, 5.8 earthquake. Pseudo-
code 3 can be used for obtaining the STF and spectral ratio:

Pseudo-code 3 - Spectral ratio and deconvolution
from multitaper import MTSpec, MTCross

Py1 = MTSpec(x1,nw,kspec,dt)

Py2 = MTSpec(x2,nw,kspec,dt)

# Get spectral ratio

sratio = np.sqrt(Py1.spec/Py2 .spec)

# Get STF

P12 = MTCross(Py1,Py2,wl=0.001)

xcorr, dcohe, dconv = P12.mt_corr()

in which x1, x2 are the time series of the mainshock and after-
shock, respectively. Individual spectral estimates are obtained
first and later the mtcross module is used for calculating the
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Figure 2. Detailed spectrograms around the vibrational modes of
the building show frequency wandering (Clinton et al., 2006)
associated with a reduction of the stiffness of the building due to
strong shaking. A reduction of the modes is around 10% after
the M,, 6.0 earthquakes and slightly less for the M,, 5.8 earth-
guake. Left and right panels show the spectrogram using the
quadratic and adaptive multitaper methods, highlighting the
improved resolution of the quadratic multitaper, especially
around the modal frequency at 1.25 Hz.

cross-spectrum in variable P12, a Python class that holds
the cross spectrum of two series. The cross-correlation xcorr,
normalized cross-correlation xcohe, and deconvolution
dcopnv can be requested (in the time domain). The variable
wl can be used for stabilizing the deconvolution with a water
level. Figure 4 shows the STF from the dconv variable, filtered

between 0.2 and 3.0 Hz.

Coherence and Correlations of
Neighboring Frequencies

Waveform similarity can be quantitatively estimated using the
coherence. Previous work has shown that even for small aper-
ture arrays waveform similarity decreases quite rapidly from
high coherence at low frequencies to low coherence at higher
frequencies (Vernon et al., 1991; Qin et al., 2019). Recent stud-
ies that use ambient noise have noticed that if the wavefield is
fully diffuse, the correlation of different frequencies must be
low and that detecting high correlations between distant
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Figure 3. Earthquake source spectrum analysis. (a) Seismograms
recorded at station PRA (140 km distance) of the M,, 6.0 and
M., 5.8 Mesetas earthquakes and two M., 4.0 and M,, 4.1
aftershocks that are used as empirical Green’s functions (EGFs).
(b,c) Corresponding amplitude spectra using a 10 s window
marked by the horizontal line in each seismogram.

frequencies can be used as a criterion for diffusive noise (Liu
and Ben-Zion, 2016, 2018; Liu and Beroza, 2020). Using a sim-
ilar idea, the coherence between distant frequencies of nonsta-
tionary signals—for example dispersive surface waves—is
expected to be high (Mellors et al, 1998; Prieto et al,
2005). The multitaper allows not only estimating the coherence
between two time series but also estimating the dual-frequency
coherence—a matrix of correlations between the spectra at two
frequencies (f1, f2). The dual-frequency coherence can be
obtained for a single signal (the signal with itself) or between
two signals as shown in pseudo-code 4:

Pseudo-code 4 - Dual-frequency coherence
import multitaper.utils as utils

Px = MTSpec(x,nw,kspec,dt)

Py = MTSpec(y,nw,kspec,dt)

Sx,Cx,Phx,freq = utils.df_spec(Px)
Sxy,Cxy,Phxy,freq = utils.df_spec(Px,Py)

in which Cx is the dual-frequency squared auto-coherence of
time series x and Cxy is the dual-frequency coherence between
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Figure 4. (a) Source time functions (STFs) and (b) spectral ratio of
the M,, 6.0 and M,, 5.8 using the two M,, 4 earthquakes in
Figure 3 as EGFs. Note the shorter STF duration or higher corner
frequency of the M, 5.8 earthquake compared with the M,, 6.0
in this example.

x and y series. The cross-spectrum is stored in Sxy, and the
phase is stored in Phxy.

Figure 5 shows two seismic records of the M,, 6.0 and M, 5.8
Mesetas earthquakes recorded at two nearby stations (VMMO07
and VMM]11) in a deep sedimentary basin. The two stations
are separated 32 km and are about 520 km from the epicenter.
For this example, I select three windows, a noise window
(noise), a window with the surface wave of the M,, 6.0 earth-
quake (mainshock), and the full trace of the M, 5.8 earthquake
(aftershock). For each window, we calculate the dual-frequency
coherence for a single station and between the two stations.

Figure 6 shows the resulting dual-frequency coherence for
the windows selected. The auto-coherence of the noise window
for station VMMO7 shows low values for off-diagonal terms,
whereas the mainshock and aftershock windows show signifi-
cant coherence in the off-diagonal terms. For the mainshock
window, the off-diagonal terms have high amplitudes between
about 0.9 and 0.16 Hz, suggesting a nondiffuse dispersive
wave—note the main diagonal is always 1 for auto-coherence.

The dual-frequency coherence between the two stations for
the noise window shows low coherence over all frequencies,
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Figure 5. Recorded seismograms at two nearby stations (station
separation 32 km and source-receiver separation 520 km). Three
windows are selected for studying the correlation between
neighboring frequencies using dual-frequency coherence esti-
mates. The three windows include a noise window (noise), the
surface wave of the M,, 6.0 earthquake (mainshock), and the full
trace of the M,, 5.8 earthquake (aftershock).

confirming the diffusive nature of the wavefield. In contrast,
the mainshock window shows significant coherence in the
off-diagonal terms. The coherence along the main diagonal
has high coherence between 0.09 and 0.12 Hz but drops rapidly
at higher frequencies, whereas the off-diagonal terms have high
coherence up to 0.16 Hz. The off-diagonal coherence is asym-
metric with respect to the diagonal and has a different slope
suggesting that the nature of the dispersion curve of the surface
waves at the two stations is different.

Conclusions

This work presents a Python package for multitaper spectral
analysis. A number of examples display the different capabilities
of multitaper for estimating the PSD, spectral ratio, and decon-
volutions or dual-frequency coherencies. Other functions that

include F-test for periodic components or application of the sine
multitaper are also available and are documented in the GitHub
repository. The multitaper algorithm has been widely used in
geophysics, economics, medicine, climate, and of course seis-
mology, and this contribution aims at expanding the available
tools for studying the Earth.
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Figure 6. Coherence between neighboring frequencies. (a—c) The
dual-frequency auto-coherence estimated from the noise,
mainshock, and aftershock windows for station VMMO07 and (d,
e) the coherence between stations VMMO7 and VMM11 for the
noise and mainshock windows. Note how the coherence is low in
the off-diagonal for the noise windows (diffusive noise), while for
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0.10 0.15 0.20
Freq (Hz)

the two other windows a higher coherence is observed in the
off-diagonal. The interstation coherence for the mainshock
window (surface wave) has a high correlation away from

the main diagonal between 0.10 and 0.15 Hz, which can

be interpreted as surface waves with distinct dispersion
characteristics.
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Data and Resources

The multitaper package, scripts, and Jupyter Notebooks to reproduce
the figures in this contribution are available on GitHub (https://github
.com/gaprieto/multitaper). The data used here as examples come from
the SGC and from a temporary deployment in the Crisanto building
(Bogota) as part of a project supported by ECCI University.
The SGC data are available at http://sismo.sgc.gov.co:8080 and were
downloaded using ObsPy (Beyreuther et al, 2010) and the
Client.get_waveforms function. The seismic and building data used
in the examples are available in a Zenodo repository (DOI: 10.5281/
zen0do0.6025794). The pymutt code is available at code.google.com/
archive/p/pymutt/, and mtspec is available at krischer.github.io/
mtspec/. All websites were last accessed in June 2021.
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